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ABSTRACT 

 

Integrated models for multiple decision variables, not necessarily from the same family, are 

becoming possible thanks to the advances in econometrics and in the estimation techniques. 

Recently, probit type models have been proposed to model joint decisions for the flexibility 

offered by the multivariate normal to capture correlations across the different dependent 

variables. Ordered probit models are in general preferred to unordered probit for the saving in 

computational costs deriving from the closed mathematical form of the choice probabilities. In 

this study, we compare results obtained from unordered probit models estimated with simulation 

and numerical computation to those obtained from ordered discrete-continuous probit. The 

analysis is performed on household decisions concerning vehicle holding and mileage travelled 

and using data extracted from the 2009 National Household Travel Survey (NHTS). Estimation 

results show that discrete-continuous unordered probit are superior to ordered structures in terms 

of goodness of fit, but produce comparable results when applied to predict behavioral changes. 

Model applications for policy analysis also reveal that income and density only affects 

marginally vehicle holding decisions and annual miles driven, while driving cost has a more 

significant effect on annual household mileage. 

 

Keywords: discrete-continuous model, ordered mechanism, unordered mechanism. vehicle 

ownership, vehicle miles travelled.  
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1. INTRODUCTION 

 

Vehicle ownership plays an important role in transportation and land use planning. It is 

one of the key determinants of people’s travel behavior, as it greatly impacts people’s mode 

choice (Srinivasan and Walker (2009)), frequency of trips (Shay and Khattak (2012)), destination 

choice, trip timing, activity duration and trip chaining (Roorda et al. (2009)). Vehicle ownership 

models are also used by policy makers to identify factors that affect vehicle miles traveled 

(VMT), and therefore address the problems related to traffic congestion, gas consumption and air 

pollution (Dargay and Gately (1997), Hayashi et al. (2001)).  

Recently, the advance in the estimation of complex econometric models has allowed 

analysts to develop comprehensive model systems that jointly analyze multiple choice 

dimensions. These integrated structures are motivated by the assumption that the different 

decisions are taken at the same time and are therefore correlated.  These modeling frameworks 

often contain dependent variables that do not belong to the same family (i.e. discrete and 

continuous variables). This is the case of integrated model for vehicle ownership, where discrete 

decisions (number of cars, their type and vintage) are naturally linked to continuous decisions 

(vehicle miles travelled). 

The earliest generation of discrete-continuous models on vehicle ownership decisions 

were derived from conditional indirect utility function (Train, 1986; Hensher et al. (1992), de 

Jong (1989, 1989b and 1991), which is based on micro-economic theory. Originally developed 

by Dubin and McFadden (1984), and Hannemann (1984), the basic concept is that the 

households choose the combination of vehicle ownership and vehicle usage that gives the highest 

utility. Roy’s identity is applied to estimate vehicle usage and the relationship between the two 

modeling stages.  

Multiple discrete-continuous extreme value (MDCEV) models, developed by Bhat (2005) 

and further applied in Bhat and Sen (2006) and Bhat et al. (2009) are utility-based econometric 

models that jointly estimate the holding of multiple vehicle types and the miles for each vehicle 

type. The choice and dependent variable in this model is the mileage for each vehicle type 

category. Utility for each household is maximized subject to a total mileage budget. Fang (2008) 

developed a BMOPT (Bayesian Multivariate Ordered Probit and Tobit) model, which is 

composed of a multivariate ordered probit model for the discrete choices and a multivariate Tobit 

model for the continuous choice. Liu et al. (2014) proposed a joint discrete-continuous model to 

estimate household choices on vehicle holding, type and usage. The discrete components are 

respectively, multinomial probit for vehicle holding and multinomial logit for the vehicle type 

sub-models. The joint discrete-continuous model is estimated with unrestricted correlation 

between the discrete and continuous parts. 

 

Two types of discrete choice modeling structures have been used in the household 

vehicle ownership studies: ordered-response mechanism and unordered-response mechanism. 

The ordered-response mechanism assumes that household vehicle ownership is represented as an 

ordinal variable and the choice is determined by a single latent variable which represents the 

propensity of the household vehicle ownership decisions. Examples of the application of 

ordered-response mechanism are Kitamura (1987), Golob and Van Wissen (1989), Golob (1990), 

Kitamura and Bunch (1992), Bhat and Koppelman (1993), Kitamura et al. (1999), Hanly and 

Dargay (2000), Chu (2002), Kim and Kim (2004) and Cao et al. (2007). The unordered-response 

mechanism is based on the hypothesis that household vehicle ownership is represented as a 
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nominal variable. It follows the random utility maximization (RUM) principle which assumes 

that the household makes the vehicle ownership decisions that provides the highest utility among 

all the possible choices. Examples of the studies with unordered-response mechanism are 

Mannering and Winston (1985), Train (1986), Bunch and Kitamura (1990), Purvis (1994), Ryan 

and Han (1999), Whelan (2007). The reader is referred to Table 1 for a more comprehensive 

description of a sample of these papers. 

In the context of the comparison of the ordered and unordered mechanisms, there are 

several papers that explicitly investigate the empirical performance of the two structures in 

modeling vehicle ownership decisions. Bhat and Pulugurta (1998) compared the multinomial 

logit (MNL) model and the ordered logit (ORL) model on four datasets from Boston, Bay area, 

Puget Sound area and the Netherlands.  The two mechanisms were evaluated by comparing 

elasticity effects, measure of fit and predictive performance. The results showed that the MNL 

model is able to capture elasticity patterns across alternatives, while the ORL is more rigid in 

elasticity effects. The conclusion from this study is that the appropriate choice mechanism for 

vehicle ownership modeling is the unordered-response structure. Potoglou and Susilo (2008) 

compared the multinomial logit, ordered logit and ordered probit models for car ownership by 

using data from Baltimore, the Netherlands and Japan. Their results clearly demonstrate the 

superiority of the MNL to the ordered ORL and ORP. In a study aiming at estimating population 

heterogeneity in the context of car ownership, Anowar et al. (to appear) propose the application 

of latent class versions of ordered (ordered logit) and unordered response (multinomial logit) 

models. The latent class models offer superior data fit compared to their traditional counterparts. 

In summary, those studies provided strong evidence that the appropriate mechanism is the 

unordered response mechanism for the vehicle ownership models. However, it is important to 

stress that the ordered and unordered models have been compared for vehicle holding models 

only.  

This paper applies discrete-continuous and RUM-based unordered and ordered discrete-

continuous structures in the context of joint models for vehicle holding and vehicle usage 

decisions. The unordered discrete-continuous model, is based on multinomial probit and linear 

regression with unrestricted variance-covariance correlation matrix between the discrete (vehicle 

holding) and the continuous (vehicle usage) parts. The ordered discrete-continuous structure has 

a similar structure with the exception of an ordered probit for the vehicle holding submodel. The 

paper also explores the use of numerical approximations methods (Genz (1992)) to overcome 

problems related to the simulations of probit likelihood functions; notably, the high 

computational costs, and the instability of the Hessian estimation. The analysis is performed on 

data extracted from the 2009 National Household Travel Survey (NHTS).  

This comparative exercise is motivated by the fact that ordered discrete-continuous 

models are relatively easier to estimate when compared to unordered model structure due to their 

closed mathematical form. However, the assumption that vehicle ownership decisions are 

measured by a single latent variable might affect the goodness of fit of the model and its 

performance in model application and policy analysis.  

 

The remaining of this paper is organized as follows. Section 2 presents the description of 

discrete-continuous models with ordered and unordered structures, together with the estimation 

method with numerical approximation. In Section 3, the data set used in this study is described 

and quantitative statistics are given. Calibration and application results are reported in Section 4. 

The last Section provides final remarks and avenues for future research.  
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Table 1: Summary of vehicle ownership, type and usage models 
Reference Data Source (Year) Sample Size Choices Examined Model  

Train, 1986 

 

US (1978)  1095 household  vehicle quantity, 

class/vintage, usage 

MNL and 

Regression 

Mannering and 

Winston, 1985 

 

US (1978-1980) 3842 households quantity choice, type 

choice, utilization 

model 

Nested Logit and 

OLS regression 

Hensher, 1992 

 

Sydney (1981-1985)

  

1444, 1295, 1251, 

1197 

static vehicle choice 

and type-mix choice, 

Static vehicle use, 

dynamic vehicle 

choice and use 

Nested Logit and 

3SLS regression 

Kitamura and 

Bunch, 1992  

Dutch National 

Mobility Panel Data 

set 

Panel, 605 HH, 

(1984-1987)  

vehicle quantity Ordered Probit 

deJong, 1996 Dutch National 

Mobility Panel Data 

set (Oct, 1992; Oct 

1993)  

Panel, 3241 

respondents 

vehicle holding 

duration, vehicle type 

choice, annual 

kilometrage and fuel 

efficiency 

Hazard function, 

Nested logit, 

Regression 

Bhat and Pulugurta, 

1998  

US (1991, 1990, 

1991), Dutch (1987)

  

3665, 3500, 1822, 

1807 

vehicle quantity (0, 1, 

2, 3, 4)  

MNL and Ordered 

logit 

Kitamura et al., 1999 

 

California (1993)  Panel (First wave), 

4747 households 

1) vehicle holding 

model, and n. of 

vehicle per HH 

member and per 

driver, 2) vehicle type 

choice, 3) vehicle use

  

Ordered probit 

model, Tobit model; 

MNL; OLS 

regression 

Dargay and Gately, 

1997 

UK, Family 

Expenditure Survey 

(1982-1993)  

panel, cohort, 7200 

households 

vehicle quantity dynamic cohort 

(panel) 

Bhat and Sen, 2006 San Francisco (2000)

  

3500 households  vehicle type holding 

and usage 

MDCEV (multiple 

discrete-continuous 

extreme value 

model) 

Whelan, 2007 UK, (1971-1996) and 

NTS (1991) 

unknown vehicle quantity (0, 1, 

2, 3+)  

Hierarchical logit 

model with 

saturation level 

Fang, 2008 

 

NHTS (2001, CA) 2299 households vehicle choice and 

usage (BMOPT and 

MDCEV) 

BMOPT (Bayesian 

Multivariate Ordered 

Probit and Tobit) 

and MDCEV 

Potoglou and Susilo, 

2008 

NHTS (2001, 

Baltimore), Dutch 

National Mobility 

Survey (2005), Osaka 

Metropolitan Trip 

survey (2000) 

3496, 28436, 

312632 

vehicle quantity MNL and Ordered 

logit and Ordered 

Probit 

Bhat et al., 2013 NHTS (2009) 1480 residential and work 

location, vehicle 

ownership and tour 

characteristics 

MDCP (multiple 

discrete-continuous 

probit)  

Liu et al., 2014 NHTS (2009) 1420 Vehicle quantity, Unordered discrete-
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vehicle type and 

vintage, AVMT 

continuous probit 

 

 

2 METHODOLOGY  

 

2.1 Unordered Discrete-Continuous Model 

 

The discrete problem concerns the forecast of the number of vehicles in a household (Y) 

using a set of predictors. Suppose there are k vehicle ownership levels, the utility for each level 

consists of one observed part (systematic utility) and one unobserved part (error term): 

 

  𝑈0 = 𝜖0 

 𝑈1 = 𝑋1
𝑇𝛽1 + 𝜖1 

 𝑈2 = 𝑋2
𝑇𝛽2 + 𝜖2 

 … 

 𝑈𝑘 = 𝑋𝑘
𝑇𝛽𝑘 + 𝜖𝑘  

 

where, Uk is the utility of having k vehicles; X are the explanatory variables associated 

with the household, the vehicles, and the land use; ’s are the corresponding parameters to be 

estimated.  

In the unordered structure, the household is assumed to be rational and to choose the 

alternative of vehicle ownership level that maximizes its utility. In this case, we adopt 

multinomial probit model for the vehicle holding decisions and therefore the error terms follow a 

multivariate normal distribution with full, unrestricted covariance matrix.  The likelihood 

function can be expressed as follow: 

𝑃 𝑌 = 𝑦 𝑋, 𝛽, Σ =  𝕀 𝑋𝑦
𝑇𝛽𝑦 + 𝜖𝑦 > 𝑋𝑗

𝑇𝛽𝑗 + 𝜖𝑗          ∀𝑗 ≠ 𝑦 𝜙 𝜖 𝑑𝜖  
ℝ𝑘+1

 

Where,  

 𝑋 =  𝑋1, … , 𝑋𝑘  

𝛽 =  𝛽1, … , 𝛽𝑘   

 𝜖 =  𝜖0, … , 𝜖𝑘   
Σ = Covariance of error term 

 

The functional indicator (𝕀 (·)) ensures that the observed choice is indeed the one with the 

biggest utility. The subscript y indicates the predictors and coefficients of the chosen alternative 

and the subscript j indicate the other alternatives. 

Since only differences in utility matter, the choice probability can be equivalently 

expressed as (k) – dimensional integrals over the differences between the errors. Suppose we 

differentiate against alternative y, the alternative for which we are calculating the probability. 

Define: 

𝜖 𝑗𝑦  = 𝜖𝑗  − 𝜖𝑦   

 

𝑉 𝑗𝑦  = 𝑋𝑗
𝑇𝛽𝑗 − 𝑋𝑦

𝑇𝛽𝑦  

𝜖 𝑦  =  𝜖 1𝑦  , … , 𝜖 𝑘𝑦    
Where the “…” is over all alternatives except y. 
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Then  

𝑃 𝑌 = 𝑦 𝑋, 𝛽, Σ =  𝕀 𝑉 𝑗𝑦  + 𝜖 𝑗𝑦  < 0         ∀𝑗 ≠ 𝑦 𝜙 𝜖 𝑦   𝑑𝜖 𝑦    
ℝ𝑘

 

 

which is a (k)-dimensional integral over all possible values of the error differences. The 

probit has been normalized using the procedure proposed by Train (2009) to ensure that all 

parameters are identified. For more details on the normalization in the context of discrete-

continuous models we refer to Liu et al. (2014). 

 

Regression is adopted to model the continuous part of the model: the decisions on the 

household vehicle mileage. In a regression, the dependent variable Yreg is assumed to be a linear 

combination of a vector of predictors Xreg plus some error term:  

 

𝑌𝑟𝑒𝑔 = 𝑋𝑟𝑒𝑔
𝑇 𝛽𝑟𝑒𝑔 + 𝜖𝑟𝑒𝑔             𝜖𝑟𝑒𝑔 ~𝑁(0, 𝜍𝑟𝑒𝑔

2 ) 

 

Given βreg , Xreg and σ
2
 , the likelihood of observing Yreg is given by the normal density 

function:  

 

𝑃 𝑦𝑟𝑒𝑔  𝛽𝑟𝑒𝑔 , 𝑋𝑟𝑒𝑔
𝑇 , 𝜍𝑟𝑒𝑔

2  = 𝜙 𝑦𝑟𝑒𝑔  𝑋𝑟𝑒𝑔
𝑇 𝛽𝑟𝑒𝑔 , 𝜍𝑟𝑒𝑔

2   

 

In order to jointly capture the correlation between the discrete and continuous parts, we 

allow the error term of the regression to be correlated with the error terms of the utilities in the 

probit. Therefore, the specifications of the observable part of the utilities and of the regression 

remain the same, but the error terms follow an “incremental” normal distribution:  

 

 𝜖 1𝑦 , … , 𝜖 𝑘𝑦 , 𝜖𝑟𝑒𝑔  ~𝑀𝑁(0, Σk+1) 

In another expression: 

 

 
𝝐 𝒚 

𝜖𝑟𝑒𝑔
 ~𝒩   

𝟎
0
  

Σ𝑦 Σy,reg

Σ𝑟𝑒𝑔 ,𝑦 𝜍𝑟𝑒𝑔
2    

 

The probability of observing Y and Yreg is the product of the probability of observing Yreg 

(𝑃 𝑌𝑟𝑒𝑔  ) and the probability of observing Y given Yreg (𝑃 𝑌 𝑌𝑟𝑒𝑔  ).  

 

𝑃 𝑌, 𝑌𝑟𝑒𝑔  = 𝑃 𝑌𝑟𝑒𝑔  𝑃 𝑌 𝑌𝑟𝑒𝑔   

 

The conditional probability of probit is: 

 

𝑃 𝑌 𝑌𝑟𝑒𝑔  =  𝕀 𝑉 𝑗𝑦  + 𝜖 𝑗𝑦  < 0         ∀𝑗 ≠ 𝑦 𝜑 𝜖 𝑦   𝑑𝜖 𝑦  ℝ𝑘      [1] 

 

Where 𝜑 𝜖 𝑦    is the density function of a multivariate distribution and  

𝜖 𝑦  ~𝒩(0 +
Σy,reg

𝜍𝑟𝑒𝑔
2

 𝜖𝑟𝑒𝑔 − 0 , Σ𝑦 −
Σ𝑦 ,𝑟𝑒𝑔Σ𝑟𝑒𝑔 ,𝑦

𝜍𝑟𝑒𝑔
2

) 
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Therefore, the simulated log-likelihood of the unordered discrete-continuous model is 

given by the following formula: 

 

𝑆𝐿𝐿 𝛽, 𝛽𝑟𝑒𝑔 , Σ 𝑌, 𝑌𝑟𝑒𝑔 , 𝑋, 𝑋𝑟𝑒𝑔   

=   
1

𝐵
  𝕀 𝑉 𝑗𝑦  + 𝜖 𝑗𝑦  

(𝑏)
< 0      ∀𝑗 ≠ 𝑦 

𝐵

𝑏=1

 × 𝜙(𝑦𝑖,𝑟𝑒𝑔 |𝑋𝑟𝑒𝑔
𝑇 𝛽𝑟𝑒𝑔 , 𝜍𝑟𝑒𝑔

2  

𝑛

𝑖=1

 

 

where 𝐵 is the number of draws in i
th

 probit simulation.  

 

In this paper, simulations have been executed using 1000 pseudo Monte Carlo draws, 

while standard errors have been computed using Bootstrap re-sampling techniques. 

 

2.2 Estimation with Numerical Computation 

 

 In this Section we introduce numerical methods for the computation of the multivariate 

normal probabilities in [1]. In particular, we adopt the transformation proposed by Genz in 1992, 

which simplifies the problem and transforms [1] into a mathematical form that allows efficient 

calculation using standard numerical multiple integration algorithms. The use of numerical 

computation is expected to be faster than Monte Carlo simulation, to produce more precise 

estimation of the log-likelihood function and a more stable estimation of the Hessian, which is 

needed to calculate the information matrix. 

 

 A sequence of three transformations is applied to the multivariate distribution function: 

 

𝐹 𝐚, 𝐛 =  
1

    2𝜋 𝑚  
  … 𝑒−

1

2
𝜃 𝑡  𝜃−1

𝑑𝜃
𝑏𝑚

𝑎𝑚

𝑏2

𝑎2

𝑏1

𝑎1

 

 

 

where 𝜃 =  𝜃1, 𝜃2 , … , 𝜃𝑚  𝑡  and Σ is an m x m symmetric definite covariance matrix. 

 

The series of transformation first applies a Cholesky decomposition 𝜃 = 𝐶𝑦, where 𝐶𝐶𝑡  is the 

Cholesky decomposition of the covariance matrix Σ. Given that 𝜃𝑡   −1 𝜃 = 𝑦𝑡𝐶𝑡𝐶−𝑡𝐶−1𝐶𝑦 =

𝑦𝑡𝑦  and 𝑑𝜃 =  𝐶 𝑑𝑦 =  Σ 
1

2𝑑𝑦 . Since 𝐚 ≤ 𝜃 = 𝐶𝐲 ≤ 𝐛  implies  𝑎𝑖 −  𝑐𝑖𝑗 𝑦𝑗
𝑖−1
𝑗=1  /𝑐𝑖𝑖 ≤ 𝑦𝑖 ≤

 𝑏𝑖 −  𝑐𝑖𝑗𝑦𝑗
𝑖−1
𝑗=1  /𝑐𝑖𝑖  for 𝑖 = 1,2, … , 𝑚, we obtain: 

 

𝐹 𝐚, 𝐛 =  
1

  2𝜋 𝑚
 𝑒−

𝑦1
2

2  𝑒−
𝑦2

2

2  𝑒−
𝑦𝑚

2

2

𝑏𝑚
′  𝑦1 ,…,𝑦𝑚−1 

𝑎𝑚
′  𝑦1 ,…,𝑦𝑚−1 

𝑏2
′  𝑦1 

𝑎2
′  𝑦1 

𝑏1
′

𝑎1
′

𝑑𝐲 

 

with 𝑎𝑖
′ 𝑦1, … , 𝑦𝑖−1 =  𝑎𝑖 −  𝑐𝑖𝑗

𝑖−1
𝑗=1 𝑦𝑗  /𝑐𝑖𝑖  and 𝑏𝑖

′ 𝑦1, … , 𝑦𝑖−1 =  𝑏𝑖 −  𝑐𝑖𝑗
𝑖−1
𝑗=1 𝑦𝑗  /𝑐𝑖𝑖 . Each 

of the 𝑦𝑖’s can be transformed separately using 𝑦𝑖 = Φ−1 𝑧𝑖  where: 
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Φ 𝑦 =
1

 2𝜋
 𝑒

1

2
𝜃2

𝑑𝜃
𝑦

−∞

 

 

This is the stardard univariate normal distribution. After these transformations, 𝐹 𝐚, 𝐛  becomes: 

 

 

𝐹 𝐚, 𝐛 =    … 𝑑𝑧
𝑒𝑚  𝑧1 ,…,𝑧𝑚−1 

𝑑𝑚  𝑧1 ,…,𝑧𝑚−1 

𝑒2 𝑧1 

𝑑2 𝑧1 

𝑒1

𝑑1

 

 

with 

𝑑𝑖 𝑧1, … , 𝑧𝑖−1 = Φ 𝑎𝑖 −  𝑐𝑖𝑗Φ
−1 𝑧𝑗  

𝑖−1
𝑗=1  /𝑐𝑖𝑖 and 𝑒𝑖 𝑧1, … , 𝑧𝑖−1 = Φ 𝑏𝑖 −  𝑐𝑖𝑗Φ

−1 𝑧𝑗  
𝑖−1
𝑗=1  /

𝑐𝑖𝑖  
 

The integrand in this form is much simpler than the original integrand; however, the integration 

region is complex and the problem cannot be solved with standard multiple integration 

algorithms. Genz suggests to transform the integral into a constant limit form using 𝑧𝑖 = 𝑑𝑖 +
𝑤𝑖 𝑒𝑖 − 𝑑𝑖 . After the final set of transformation: 

 

𝐹 𝐚, 𝐛 =   𝑒1 − 𝑑1   𝑒2 − 𝑑2  …  𝑒𝑚 − 𝑑𝑚  𝑑𝑤
1

0

1

0

1

0

 

 

With 

 𝑑𝑖 = Φ 𝑎𝑖 −  𝑐𝑖𝑗Φ
−1  𝑑𝑗 + 𝑤𝑗  𝑒𝑗 − 𝑑𝑗   

𝑖−1
𝑗=1  /𝑐𝑖𝑖 and 𝑒𝑖 = Φ 𝑏𝑖 −  𝑐𝑖𝑗Φ

−1  𝑑𝑗 +𝑖−1
𝑗=1

𝑤𝑗  𝑒𝑗 − 𝑑𝑗    /𝑐𝑖𝑖 . 

 

The innermost integral over 𝑤𝑚  can be done explicitly because 𝑑𝑚  𝑎𝑛𝑑 𝑒𝑚  have no dependence 

on 𝑤𝑚 ; the sequence of transformations has reduced the number of integration variables by one. 

 

 

2.3 Ordered Discrete-Continuous Model 

  

 The ordered response structure uses latent variables to represent the vehicle ownership 

propensity of the household, thus it is not consistent with utility maximization theory. Suppose 

two latent variables 𝑦𝑑  and 𝑦𝑟  represent the preference levels for vehicle holding and vehicle 

usage (annual miles traveled). The ordered discrete-continuous model can be written as: 

 

𝑦𝑑 = 𝑋𝑑 ∙ 𝛽𝑑 + 𝜖𝑑  

𝑦𝑟 = 𝑋𝑟 ∙ 𝛽𝑟 + 𝜖𝑟  
 

where, 𝑋𝑑  and 𝑋𝑟  are explanatory variables for the discrete choice and continuous choice, 𝛽𝑑  and 

𝛽𝑟  are the coefficients to be estimated, 𝜖𝑑  and 𝜖𝑟  are the error terms, respectively.  

 The number of vehicles holding by the household (Y) is determined by the value of latent 

variable 𝑦𝑑 , specifically: 
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 𝑌 = 0             𝑖𝑓     𝑦𝑑 < 𝛼1  
 𝑌 = 1             𝑖𝑓     𝛼1 < 𝑦𝑑 < 𝛼2  
 𝑌 = 2             𝑖𝑓     𝛼2 < 𝑦𝑑 < 𝛼3  
 ……  
 𝑌 = 𝑘 − 1     𝑖𝑓     𝛼𝑘−1 < 𝑦𝑑 < 𝛼𝑘   
 𝑌 = 𝑘             𝑖𝑓     𝛼𝑘 < 𝑦𝑑  
  

Where 𝛼1 , 𝛼2  , … , 𝛼𝑘−1  𝑎𝑛𝑑 𝛼𝑘  are the cut-points of the ordered probit equations. 

Similarly, in order to jointly to capture the correlation between the discrete and continuous parts, 

we allow the error terms to be correlated. Thus, the error terms follow a bivariate normal 

distribution: 

 𝜖𝑑 , 𝜖𝑟 ~𝐵𝑁(0, Σ) 
  

Therefore, the model is composed of an ordered probit model and a regression with 

unrestricted correlation between the error terms.  

 

3 SIMULATED EXPERIMENT 

 

A simulated experiment is proposed in this Section to compare estimates relative to unordered 

discrete-continuous probit models obtained with Monte Carlo simulation and with Genz 

computational approximation. The synthetic sample is composed of 1500 individuals. The model 

assumes three dependent discrete variables (U) and one continuous variable (Y). All the 

independent (X) variables and error terms (  ) are randomly drawn from standard normal 

distribution and (L) represent the elements of the covariance matrix. The model coefficients are 

specified according to the following formulation: 

 

rXXXY

XXXU

XXXU

U

















988776

26554412

13322111

00

 

 

The experiment has been repeated 100 times. We report in Table 2, the true values used for data 

generation, mean estimates, estimates’ standard deviations, and confidence interval lower bounds 

and upper limits. Results demonstrate that both estimation methods successfully recover the true 

values, with the Genz approximation producing estimates with consistently lower standard 

deviations. It should be noted that coefficients 5 and 6 are the ones that are the most difficult 

to recover; they have been estimated satisfyingly for approximately 75% of the sample with 

simulation, and all the time with the Genz approximation method. The difficulties of the Monte-

Carlo simulation in recovering the true parameters are due to several factors.  First, results from 

simulations are sensitive to the method used in the computation of the gradient. We are using 

centered differences to estimate the gradient and we often need to test several values for the 

finite difference coefficient. For these results we have used a value of 0.05 but the typical range 

suggested in the literature is from 0.1 to 0.001. When executing the simulated experiments we 

observed that the values chosen typically affect the estimate produced. Second, the starting value 

also impacts the quality of the estimates, for instance we could not observe satisfying 
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convergence using a trivial starting point with all zero coefficients, while when using coefficients 

obtained from a logit estimation we obtained good results. Finally, the number of simulations 

used dramatically affects the tuning of these parameters. The lower the number of simulations, 

the harder the optimization of the likelihood function. Other parameters can affect the 

convergence of the model such as the tolerance of the solver, however we have not explored the 

effects of these factors here. 

The main advantage of the Genz estimation is its robustness. The results in Table 2 have been 

computed as such on the first attempt, without the need for adjustment of the solver. In typical 

applications (not simulation), it is not trivial to assess the quality of an estimate because the true 

parameters are unknown. In this context, Genz estimation proves to be more reliable and delivers 

coefficients’ estimates on a much more consistent basis. Simulation will typically leave us short 

here. 

 

Table 2: Results from experiments on simulated data 
  Monte-Carlo simulation  Genz approximation 

Estim. True 

value 

Mean s.d. CI-low CI-up  Mean s.d. CI-low CI-up 

1  1.0 1.0018 0.0642 0.9892 1.0144  1.0003 0.0470 0.9911 1.0095 

2  1.0 1.0111 0.0664 0.9981 1.0241  1.0072 0.0617 0.9951 1.0193 

3  -1.0 -1.0012 0.0824 -1.0174 -0.9850  -1.0000 0.0697 -1.0137 -0.9863 

4  2.0 2.0011 0.1012 1.9813 2.0209  2.0028 0.0746 1.9882 2.0174 

5  -2.0 -2.0116 0.1589 -2.0427 -1.9805  -2.0032 0.0742 -2.0177 -1.9887 

6  -1.0 -0.9963 0.0337 -1.0029 -0.9897  -0.9944 0.0321 -1.0007 -0.9881 

7  1.0 1.0039 0.0300 0.9980 1.0098  1.0019 0.0282 0.9964 1.0074 

8  0.5 0.4980 0.0391 0.4903 0.5057  0.4989 0.0313 0.4928 0.5050 

21L  0.0 -0.0264 0.1730 -0.0603 0.0075  0.0007 0.0916 -0.0173 0.0187 

22L  1.0 1.0379 0.1710 1.0044 1.0714  0.9988 0.0613 0.9868 1.0108 

31L  0.0 0.0034 0.0594 -0.0082 0.0150  -0.0013 0.0548 -0.0120 0.0094 

32L  0.0 0.0067 0.0792 -0.0088 0.0222  -0.0017 0.0535 -0.0122 0.0088 

33L  1.0 0.9991 0.0315 0.9929 1.0053  0.9978 0.0198 0.9939 1.0017 

 

4  DATA DESCRIPTION 

 

The primary data source used in this study is the 2009 National Household Travel Survey 

(NHTS). The analysis is restricted to the Washington D.C. metropolitan area, for which 1,420 

observations are available. Household characteristics, land-use variables and information on each 

household vehicle, are the main variables extracted from the original dataset. Table 3 lists the 

basic statistics relative to the household sample. For the Washington D.C. metropolitan area, the 

average vehicle ownership per household is 1.87. The percentage of the household without a car 

is 7.28%, mainly low-income households; while most households hold 2 cars (43.49%). The 

number of cars in the household is highly associated with the number of adults and the number 

of drivers in the family. More than half of the households who do not have a car do not own a 

house. The land use variables, such as dummy of urban area, urban size, population density and 
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housing density, greatly influence the household car ownership decisions. The households with 

more cars are generally located in less dense or more rural area. In the Washington D.C. 

metropolitan area, the average age of the household head is around 55 years old, which is 

somehow an indication of the aging society happening in western countries. Households with 

zero or one car have older household head. The average education level in this area is 

college/bachelors degree; however, households without a car have much lower education level. 

The average annual mileage traveled by a household is around 20,000 miles per year. The 

mileage traveled increases accordingly with the household car ownership. 

 

TABLE 3 Data Statistics 

Variables 
by Number of cars Statistics for all vehicle holding cases 

0 1 2 3 4 min max median  mean s.d. 

2009 NHTS                     

Vehicle ownership 7.28% 26.72% 43.49% 17.03% 5.48% 0 4 2 1.87  0.96  

Hhld. Income level 6.47  10.98  14.55  15.29  15.99  1 18 16 13.21  5.30  

Num. of adult 1.31  1.40  1.99  2.21  2.76  1 5 2 1.86  0.66  

Num. of workers 0.53  0.69  1.16  1.44  1.63  0 4 1 1.06  0.83  

Num. of drivers 0.75  1.26  1.98  2.32  2.83  0 5 2 1.80  0.77  

Owned house 0.45  0.75  0.91  0.97  0.98  0 1 1 0.85  0.36  

Urban area 0.94  0.84  0.75  0.60  0.56  0 1 1 0.75  0.43  

Urban size 4.94  4.25  3.60  2.95  2.55  1 6 5 3.70  2.29  

Use of PT 0.26  0.08  0.06  0.05  0.06  0 1 0 0.08  0.27  

Age of hhld head 59.13  60.51  53.12  52.16  53.00  18 95 54 55.36  14.91  

Female hhld head 0.78  0.64  0.52  0.55  0.44  0 1 1 0.57  0.49  

Educ. of hhld head 2.78  3.40  3.67  3.52  3.33  1 5 4 3.49  1.21  

Housing unit per sq 

mile 
7233 3637 1341 797 626 50 30000 750 2252 4220 

Percent renter-

occupied 
50 32 22 18 17 0 95 20 26 21 

Population per sq mile 12153 6931 3408 2363 1888 50 30000 3000 4725 6333 

Workers per sq mile 2870 1899 1042 640 453 25 5000 350 1303 1660 

VMT 0 10361 23890 35781 48728 0 91329 19097 21554 16381 

 

5 EMPIRICAL RESULTS 

 

In this Section we present results from model estimation (see Table 4). We estimate four 

models: unordered discrete continuous probit model with Monte Carlo simulation (Model 1); 

unordered discrete continuous probit model with numerical computation in order to test the 

performance of the Genz approximation (Model 2); ordered discrete continuous probit model 

(Model 3) having the same formulation of Model 1 and 2 with the exception of the logsum
1
, and 

unordered discrete continuous probit model estimated using Genz method and without logsum 

(Model 4) to compare the fit of the model with Model 2.  

 

The utility functions for the unordered model are the following: 

                                                        
1 We have attempted to estimate different ordered discrete-continuous models including the logsum variable, 
but all our runs did not converge. 
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The latent variable for the ordered model is: 

 

DensitySizeUrbanFemaleIncomettanConsY densitysizeurbangenderincome   _  

 

The empirical equation for the regression is: 

 

CostDrivingDensityFemaleeownIncomettanConsY tdensitygendereincomereg  coshom hom 

 

 

where: ASC are Alternative Specific Constants 

 

 

5.1 Estimation of the coefficients 

 

Different types of coefficients enter the final specification of the models in Table 4. In 

particular a logsum coefficient is estimated in the unordered structure. The logsum represents a 

feedback variable from the class/vintage models and reflects the utility derived by the household 

from its choice of class and vintage for each car in the household. In this case four different 

type/vintage models have been estimated respectively for household owning 1, 2, 3 and 4 

vehicles and therefore four logsum values have been calculated. For more details on the 

specification of the type/vintage model we refer the reader to Liu et al. (2014). The logsum 

coefficient is constrained to be equal for all the alternatives as in (Train, 1986); other 

specifications containing logsum coefficients specific of the alternatives have been tested but 

results did not improve significantly the fit of the model. The logsum coefficient is positive, 

significant and less than one; which is similar to what obtained by Train (1986). It should be 

noted that it was not possible to estimate the logsum variable in the ordered probit model. This 

represents a further limitation of the ordered probit model as the logsum variable significantly 

improves the fit of the model as it can be seen for the comparison of the final log-likelihood 

value of Models 2 and 4. 

Most of the estimated coefficients have the expected sign and are significant. Positive 

coefficients of household income, in both the discrete and continuous parts of the model, indicate 

that households with higher income have higher tendency to own more vehicles and drive more. 

In the unordered models, the magnitude increases as the number of vehicles in the household 

increases. Similar results can be found in Bhat and Pulugurta, 1998 and Potoglu and Susilo, 

2008.  The coefficients of number of drivers in the household are very significant, indicating that 

this factor has high effects on how many cars a household owns. This coefficient is positive in 

the ordered structure, and also positive in the unordered structure with an exception for the one-

car households. The negative coefficient for one-car household alternative indicates that, the 

more drivers in the household, the less likely they own only one car. Similarly, households with 

female household head are less likely to own more vehicles. 
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Urban size is an indicator of the urbanization level in the area of the household location, 

in which the lower value represents urban areas and the higher value represents rural areas. 

Residential density is an indication of the built environment around the household location. The 

coefficients of these two variables are significantly negative (with the exception of the one-car 

household alternative) and have higher magnitude as the households own more cars in the 

unordered structure. In both modeling structures (ordered and unordered probit models) 

households located in highly residential areas are more likely to own fewer cars and to drive less; 

households located in a more rural area have higher probability of having more cars and drive 

more.  

The driving cost (measured in dollars per mile) results to be significant and negative, 

indicating that higher driving cost induces the households to drive less.  

 

5.2 Estimation of the Covariance Matrix 

 

The covariance matrixes of the four models are reported in Table 5. In the unordered 

discrete-continuous models, the bottom line of the matrix explains the correlation between the 

mileage traveled and the utility differences of the vehicle holding alternatives with respect to the 

alternative of owning zero car. In mathematical terms, the estimation of the correlation factors 

modifies the values of differences in utility and reduces the variance of those differences, which 

ultimately contributes to a better forecasting of both the discrete and the continuous components 

of the model.  Generally, the correlation between annual VMT and vehicle holding levels (with 

respect to zero-car alternative) increases from the one-car alternative to the three-car alternative, 

and then declines for the four car alternative, probably because in this case we have very few 

observations available in our sample. These results are consistent across Model 1 and Model 2; 

while in Model 4 the correlation terms are all positive and follow a consistent increasing trend 

with the number of alternatives.   

In the ordered discrete-continuous models, the correlation between the number of 

vehicles and mileage traveled is positive and equal to 0.5, which means that the demand of 

vehicle usage increase the propensity of owning more cars.  

 

5.3 Measures of Fit 

 

By comparing the measures of fit of the unordered probit with numerical computation 

(Model 2) and the one obtained with the Monte-Carlo simulation (Model 1) with 1000 MC 

draws, we note that the approximation method has a better fit and that the Hessian is more stable, 

which facilitates the computation of coefficients’ t-statistics. However, in this case the values of 

the standard errors were obtained with Bootstrap techniques for both Model 1 and 2.  

The log-likelihood values from the ordered (Model 3) and unordered models (Model 4), 

both calibrated without the logsum variable) cannot be directly compared because of the 

different model structure, number of parameters and number of observations. Therefore, we 

calculate the adjusted R
2
 as follows: 

𝜌2 = 1 −
𝐿𝐿 𝛽  − 𝑛𝑝𝑎𝑟

𝐿𝐿(0)
 

  

Where 𝐿𝐿 𝛽   is the log-likelihood value at convergence, 𝐿𝐿(0) is the log-likelihood value at 

zero, and 𝑛𝑝𝑎𝑟  is the number of parameters estimated in the model.  
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A non-nested test has been also conducted for the ordered and unordered models. This 

test determines if the adjusted R
2
 of two non-nested models are significantly different. We use 

the same method as in Bhat and Pulugurta (1998):  

 

“If the difference in the adjusted R
2
 is 𝜏, then the probability that this difference could 

have occurred by chance is no larger 𝛷{− −2𝜏 𝐿𝐿 0 +  𝑛𝑝𝑎𝑟 ,2 − 𝑛𝑝𝑎𝑟 ,1  
0.5

} in the asymptotic 

limit. A small value of the probability of chance occurrence indicates that the difference is 

statistically significant and that the model with the higher value of adjusted likelihood ratio 

index is to be preferred.” 

  

The values of the adjusted R
2
 and those obtained with the non-nested test for the four 

models are reported in Table 4. We observe that the unordered discrete-continuous models have 

higher goodness of fit. The unordered models have higher log-likelihood and adjusted R
2
; the 

non-nested test attests that the unordered models significantly improve the model fit when 

compared to the ordered models.  

 

TABLE 4 Estimation Results  

Variable 
Model 1 Model 2 Model 3 Model 4 

Estimate s.e. Estimate s.e. Estimate s.e. Estimate s.e. 

Dependent variable: Number of cars  

Logsum 
0.388 0.012 0.515 0.018 

    
Constant        0.363 0.111    
1 car 2.863 0.237   -2.948 0.217  

 

  1.368 0.096 

2 cars -8.700 0.098   -21.889  0.284 

 

  -4.432  1.039 

3 cars -14.404 0.188   -28.931  0.257 

 

  -4.918  0.113 

4 cars -21.385 0.201   -35.658  0.245 

 

   -11.288  0.114 

Income 
 

 
  0.086 0.006 

  1 car 
-0.051 0.011 -0.101 0.020 

  
0.151 0.010 

2 cars 0.056 0.006 0.692 0.072 

  
0.395 0.029 

3 cars 0.105 0.010 0.745 0.077 

  
0.429 0.028 

4 cars 0.111 0.012 0.693 0.074 

  
0.327 0.026 

num. of drivers 
    

  
0.608 0.057 

  1 car 
-0.010 0.007 -0.304 0.236 

  

-0.048 0.027  

2 cars 3.223 0.079 9.236 0.214 

  
2.111  0.215 

3 cars 4.041 0.102 10.167 0.190 

  

1.742  0.086 

4 cars 4.432 0.092 10.120 0.165 

  
3.314  0.142 

gender (female) 

    
-0.235 0.063 

  1 car 
-0.129 0.551 -0.063 0.249 

  

-0.054 0.068 

2 cars -0.874 0.054 -3.434 0.213 

  
-0.732 0.245 

3 cars -0.928 0.073 -3.605 0.211 

  
-0.854 0.281 

4 cars -0.885 0.059 -3.667 0.194 

  
-2.208 0.360 

urban size 

    
-0.032 0.013 

  1 car 
0.077 0.035 -0.109 0.058 

  

-0.013 0.028 



Cirillo, Liu and Tremblay 
 

16 
 

2 cars -0.120 0.074 -0.270 0.178 

  

0.103 0.277 

3 cars -0.199 0.093 -0.354 0.186 

  
-0.038 0.018 

4 cars -0.201 0.084 -0.406 0.183 

  
-0.368 0.063 

res. Density 

    
-0.103 0.010 

  1 car 
0.041 0.005 0.101 0.015 

  
-0.168 0.017 

2 cars -0.223 0.034 -1.112 0.159 

  
-0.472 0.036 

3 cars -0.442 0.054 -1.298 0.181 

  
-0.740 0.070 

4 cars -0.484 0.064 -1.262 0.170 

  
-0.599 0.183 

alpha_1     

 

1.580 
 

 alpha_2     

 

3.149 
 

 alpha_3     

 

4.201 
 

 Dependent variable: VMT (10k)  

Constant 1.130 0.102 1.385 0.116 1.473 0.105 1.456 0.068 

Income 0.129 0.005 0.128 0.007 0.132 0.006 0.127 0.066 

own home 0.671 0.277 0.328 0.098 0.258 0.072 0.296 0.060 

gender (female) -0.056 0.034 -0.095 0.061 -0.080 0.059 -0.035 0.013 

res. density  -0.113 0.008 -0.118 0.009 -0.120 0.011 -0.117 0.006 

driving cost ($ per mile) -5.103 0.283 -4.670 0.285 -5.133 0.238 -4.967 0.098 

Log-likelihood at zero -9583.87 -9583.87 -9583.87 -9583.87 

Log-likelihood at convergence  -3349.81 -3288.93 -3607.75 -3472.51 

Number of parameters  25 25 10 24 

Number of observations 1420 1420 1420 1420 

Adjusted R2 0.648 0.654 0.623 0.635 

Likelihood ratio test 367.16 > 25, 0.01 - 

Non-nested test result - Φ(15.98) = 1.34 e-56 

Note: Model 1- unordered discrete continuous probit model with simulation;   

          Model 2 - unordered discrete continuous probit model with numerical computation;   

          Model 3 - ordered discrete continuous probit model;   

          Model 4 - unordered discrete continuous probit model without logsum. 

 

TABLE 5 Covariance Matrix  

Model 1- Unordered Monte Carlo 

  1 car 2 cars 3 cars 4 cars VMT 

1 car 2.00 1.14 1.31 1.30 0.27 

2 cars 1.14 1.63 0.37 0.76 0.10 

3 cars 1.31 0.37 2.37 1.68 0.67 

4 cars 1.30 0.76 1.68 1.36 0.46 

VMT -0.27 0.10 0.67 0.46 1.23 

Model 2 - Unordered Numerical computation 

  1 car 2 cars 3 cars 4 cars VMT 

1 car 2.00 10.34 10.24 10.57 0.73 

2 cars 10.34 58.26 61.44 61.57 4.46 

3 cars 10.24 61.44 68.64 67.11 5.21 
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4 cars 10.57 61.57 67.11 66.34 5.00 

VMT -0.73 4.46 5.21 5.00 1.25 

Model 3 -  Ordered DC 
 

  #cars VMT 
   

#cars 1.00 0.50 
   

VMT 0.50 1.56 
   

Model 4 - Unordered Numerical computation (no logsum) 

  1 car 2 cars 3 cars 4 cars VMT 

1 car 2.00 3.31 3.95 3.43 1.48 

2 cars 3.31 12.89 5.69 4.64 2.38 

3 cars 3.95 5.69 11.67 12.19 3.43 

4 cars 3.43 4.64 12.19 36.93 4.56 

VMT 1.48 2.38 3.43 4.56 1.24 

 

 
5.4 Results from Model Application 

 

The models 2 and 3 have been applied to test policy scenarios; the variables of interest 

are income, density and driving cost. The scenarios considered are constructed as follows: 

Income: 

– 10% decrease, 5% decrease, 10% increase and 5% increase 

Residential density: 

– 50% decrease, 25% decrease, 25% increase and 50% increase 

Driving cost: 

– 50% decrease, 25% decrease, 25% increase and 50% increase 

 

Results in Table 6 show the effects of those variables on vehicle holding and mileage 

traveled. It appears that results related to vehicle holding are consistent between the ordered and 

the unordered structures. The effects are very limited in all the cases considered, but in general 

slightly higher for the ordered model.  

Increases in income and density result into slightly more households with 0 and 1 car, and 

fewer households with 2, 3, and 4+ cars. With reference to income, we calculate that a 10 percent 

increase in income will result into higher vehicle ownership of about 1.5% and 4.0% according 

respectively to the unordered and ordered model. These values are lower than those provided by 

Litman (2013), who indicate an average elasticity of vehicle ownership to income of 1.0, but 

close to the 0.4 calculated by Goodwin et al. (2004). 

The effect of built environment variables (i.e. density) on vehicle ownership has been 

studied recently by different authors in transportation and economics and it is interesting to 

compare our results with those obtained in previous studies. In particular, Fang (2008) found 

from a model calibrated on 2001 data and relative to California that a 50 percent increase in 

density causes a reduction  of 1.2 percent in truck holdings, a larger truck VMT reduction (about 

8 percent) and a small car VMT change (- 1.32 percent). Bento et al. (2005) calculate a density 

elasticity of 0.1. These values compares pretty well with what found in our study which gives a  

reduction of 1.5 percent in vehicle holdings, a  reduction of 5.6 percent in vehicle use and an 

elasticity of VMT to density equal to 0.11.  
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Driving cost change has almost no effects on vehicle holding decisions but has a 

significant effect on car travel demand. Our model predicts that 50 percent increase in fuel cost 

produces a reduction of 17.7 percent in VMT for the unordered model and about 20 percent for 

the ordered model. The elasticity of vehicle travel with respect to fuel prices is 0.35 for the 

unordered model and 0.4 for the ordered model. These values are higher than the average values 

of 0.3 provided in the literature (Litman, 2013) and found in a number of other studies (TRACE, 

1999), but close to the value of 0.34 calculated using data from 1968 to 2008 by Li et al. (2001). 

 

  

6 CONCLUSIONS 

 

This paper has presented an integrated modeling structure for discrete continuous 

decisions. A numerical computation technique has been proposed to facilitate estimation based 

on Monte-Carlo simulation. The methodological framework has been applied to estimate a joint 

model of household vehicle holding and mileage travelled for the Washington metropolitan area 

on data extracted from the 2009 NHTS. 

In this Section we outline the main methodological contributions, we compare our 

findings to those existing in the literature and we propose possible avenues for future work. 

The unordered modeling structure proposed is able to account for full correlation among 

simultaneous decisions and among the discrete alternatives. This approach overcomes the 

limitation of existing models by eliminating the hypotheses of fixed budget for the continuous 

variable and of independence from irrelevant alternatives. The use of numerical methods for the 

computation of the multivariate normal probabilities has been introduced for the first time in an 

econometric context and successfully applied to estimate model formulations that include both 

discrete and continuous dependent variables. This approach is a valid alternative to Monte Carlo 

simulation especially in cases when the problem can be modeled just with nominal variables.  

We have also estimated an ordered response model; although previous literature has shown that 

ordinal variable vehicle ownership models are inferior to the nominal variable approach in the 

context of joint discrete-continuous models they might represent an attractive option due to their 

closed form mathematical formulation.  

Empirical results although consistent with previous literature provide a number of 

interesting insights for policy analysis. The unordered discrete-continuous model always 

performs better in terms of goodness of fit statistics when compared to ordered discrete-

continuous models. However, the two structures have very similar elasticity values, with the 

ordered model showing slightly higher elasticities in the discrete part with respect to income and 

density, and to fuel cost in the continuous part. By using data from 2009 we also calculate a 

relatively high elasticity value for fuel cost (about 0.36), which might be due to the high fuel cost 

experienced by drivers at that time and to the economic crisis that affected the United States after 

2008. We have also experienced difficulty in estimating the logsum variable in the ordered 

model. Although we do not know the reasons for this failure, the impossibility to account for the 

utility deriving from the choice of vehicle type and vintage represents another important 

limitation of the model based on ordered probit in the context of vehicle ownership modeling. 

The models proposed are highly flexible and can be transferred to other integrated 

decisions that are relevant in transportation and related disciplines (i.e. number of daily activities 

and time dedicated to each activity, mode choice and departure time; types of car owned and 

mileage travelled for each type).  
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TABLE 6 Model application results 

Corresponding change 
Change in residential density 

 
Change in driving cost 

0car 1 car 2 cars 3 cars 4 cars Average veh. ownership miles 

Actual 7.22% 22.59% 46.82% 17.92% 5.45% 1.92 

 

22,490 

 
Unordered DC                  

Income -10% 7.20% 24.52% 45.93% 16.92% 5.44% 1.89 -1.51% 20,829 -7.39% 

Income -5% 7.22% 23.49% 46.39% 17.46% 5.45% 1.90 -0.71% 21,666 -3.67% 

Income +5% 7.22% 21.75% 47.18% 18.39% 5.46% 1.93 -0.70% 23,310 3.65% 

Income +10% 7.25% 20.70% 47.71% 18.88% 5.47% 1.95 1.48% 24,151 7.38% 

Density -50% 7.24% 20.10% 47.99% 19.20% 5.46% 1.96 1.96% 23,730 5.51% 

Density -25% 7.25% 21.38% 47.42% 18.49% 5.46% 1.94 0.91% 23,080 2.62% 

Density +25% 7.12% 23.79% 46.21% 17.43% 5.45% 1.90 -0.77% 21,850 -2.85% 

Denesity +50% 6.97% 24.91% 45.82% 16.86% 5.45% 1.89 -1.51% 21,231 -5.60% 

Fuel cost -50% 7.22% 22.58% 46.86% 17.89% 5.45% 1.92 -0.01% 26,479 17.74% 

Fuel cost -25% 7.23% 22.54% 46.81% 17.95% 5.47% 1.92 -0.05% 24,501 8.94% 

Fuel cost +25% 7.23% 22.56% 46.74% 18.02% 5.45% 1.92 0.05% 20,489 -8.90% 

Fuel cost +50% 7.22% 22.54% 46.84% 17.94% 5.46% 1.92 0.05% 18,501 -17.74% 

Ordered DC 

    

 

    
Income -10% 7.66% 27.50% 44.10% 15.98% 4.76% 1.83 -4.23% 20,802 -7.76% 

Income -5% 7.36% 26.23% 44.04% 17.01% 5.36% 1.87 -2.08% 21,708 -3.74% 

Income +5% 6.77% 24.09% 43.58% 18.83% 6.73% 1.95 2.06% 23,426 3.87% 

Income +10% 6.50% 23.21% 43.02% 19.78% 7.50% 1.99 4.09% 24,333 7.90% 

Density -50% 5.03% 24.53% 45.05% 18.88% 6.51% 1.97 3.44% 23,857 5.78% 

Density -25% 6.00% 24.92% 44.39% 18.40% 6.29% 1.94 1.74% 23,214 2.94% 

Density +25% 8.11% 25.37% 43.28% 17.43% 5.80% 1.87 -1.73% 21,904 -2.87% 

Density +50% 9.07% 25.49% 42.78% 17.02% 5.64% 1.85 -3.18% 21,278 -5.65% 

Fuel cost -50% 7.02% 25.22% 43.85% 17.89% 6.02% 1.91 -0.04% 27,030 19.85% 

Fuel cost -25% 7.01% 25.23% 43.85% 17.87% 6.04% 1.91 -0.03% 24,801 9.97% 

Fuel cost +25% 7.03% 25.29% 43.78% 17.87% 6.03% 1.91 -0.08% 20,322 -9,89% 

Fuel cost +50% 7.05% 25.23% 43.83% 17.94% 5.96% 1.91 -0.11% 18,087 -19.80% 

 

ACKNOWLEDGMENTS 

 

This material is based upon work supported by the National Science Foundation under Grant    

N. 1131535. Any opinions, findings, and conclusions or recommendations expressed in this 

material are those of the authors and do not necessarily reflect the views of the National Science 

Foundation. 

 

REFERENCES  

 

Anowar, S., S. Yasmin, N. Eluru, and L.F. Miranda-Moreno (forthcoming). Analyzing car ownership in 

Quebec City: a comparison of traditional and latent class ordered and unordered models. 



Cirillo, Liu and Tremblay 
 

20 
 

Transportation. 

Bento, A.M., M.L. Cropper, A. M. Mobarak and K. Vinha (2005) The Impact of Urban Spatial Structure 

on Travel Demand in the United States. Review of Economics and Statistics , 87, pp. 466-478. 

Bhat, C. R. (2005) A multiple discrete-continuous extreme value model: formulation and application to 

discretionary time-use decisions. Transportation Research Part B-Methodological, 39, 679-707. 

Bhat, C. R. and F. S. Koppelman (1993) An endogenous switching simultaneous equation system of 

employment, income, and car ownership. Transportation Research Part a-Policy and Practice, 

27, 447-459. 

Bhat, C. R. and S. Sen (2006) Household vehicle type holdings and usage: an application of the multiple 

discrete-continuous extreme value (MDCEV) model. Transportation Research Part B-

Methodological, 40, 35-53. 

Bhat, C. R., S. Sen and N. Eluru (2009) The impact of demographics, built environment attributes, 

vehicle characteristics, and gasoline prices on household vehicle holdings and use. 

Transportation Research Part B-Methodological, 43, 1-18. 

Bunch, D. S. and R. Kitamura (1990) Multinomial probit model estimation revisited: testing estimable 

model specifications, maximum likelihood algorithms and probit integral approximations for 

trinomial models of car ownership. Institute of Transportation Studies Technical Report, 

University of California, Davis. 

Bhat, C. R. and V. Pulugurta (1998) A comparison of two alternative behavioral mechanisms for car 

ownership decisions. Transportation Research Part B-Methodological, 32(1), 61-75. 

Cao, X. Y., P. L. Mokhtarian and S. L. Handy (2007) Cross-sectional and quasi-panel explorations of 

the connection between the built environment and auto ownership. Environment and Planning A, 

39, 830-847. 

Chu, Y. B. (2002) Automobile ownership analysis using ordered probit models. Travel Demand and 

Land Use 2002: Planning and Administration, 60-67. 

Dargay, J. and D. Gately (1997) Vehicle ownership to 2015: Implications for energy use and emissions. 

Energy Policy, 25, 1121-1127. 

de Jong, G. C. (1989a) Simulating car cost changes using an indirect utility model of car ownership and 

car use. In PTRC SAM. Brighton. 

de Jong, G. C. (1989b) Some joint models of car ownership and car use. In Faculty of Economic Science 

and Econometrics. University of Amsterdam. 

de Jong, G. C. (1990) An indirect utility model of car ownership and private care use. European 

Economic Review, 34, 971-985. 

Dubin, J. A. and D. L. McFadden (1984) An econometric-analysis of residential electric appliance 

holdings and consumption. Econometrica, 52, 345-362. 

Fang, H. A. (2008) A discrete-continuous model of households' vehicle choice and usage, with an 

application to the effects of residential density. Transportation Research Part B-Methodological, 

42, 736-758. 

Genz, A. (1992). Numerical computation of multivariate normal probabilities. Journal of Computational 

and Graphical Statistics, 1(2):141-149. 

Golob, T. F. (1990) The dynamics of household travel time expenditures and car ownership decisions. 

Transportation Research Part a-Policy and Practice, 24, 443-463. 

Golob, T. F. and L. Vanwissen (1989) A joint household travel distance generation and car ownership 

model. Transportation Research Part B-Methodological, 23, 471-491. 

Goodwin, P., J. Dargay and M. Hanly (2004), “Elasticities of Road Traffic and Fuel Consumption With 

Respect to Price and Income: A Review,” Transport Reviews (www.tandf.co.uk), Vol. 24, No. 3, 



Cirillo, Liu and Tremblay 
 

21 
 

May, pp. 275-292. 

Hanemann, W. M. (1984) Discrete continuous models of consumer demand. Econometrica, 52, 541-

561. 

Hanly, M., J. M. Dargay (2000) Car ownership in Great Britain - Panel data analysis. Activity Pattern 

Analysis and Exploration: Travel Behavior Analysis and Modeling: Planning and 

Administration, 83-89. 

Hayashi, Y., H. Kato and R. V. R. Teodoro (2001) A model system for the assessment of the effects of 

car and fuel green taxes on CO2 emission. Transportation Research Part D: Transport and 

Environment, 6, 123-139. 

Hensher, D. A. (1992) Dimensions of automobile demand : a longitudinal study of household 

automobile ownership and use. Amsterdam; New York; New York, N.Y., U.S.A.: North-

Holland; Distributors for the U.S. and Canada, Elsevier Science Pub. Co. 

Kim, H. S. and E. Kim (2004) Effects of Public Transit on Automobile Ownership and Use in 

Households of the USA. In RURDS—The Applied Regional Science Conference (ARSC), 245–

262. 

Kitamura, R. 1987. A panel analysis of household car ownership and mobility, infrastructure planning 

and management. In Proceedings of the Japan Society of Civil Engineers, 13-27. 

Kitamura, R. and D. S. Bunch (1992) Heterogeneity and state dependence in household car ownership: 

A panel analysis using ordered-response probit models with error components. In In M. Koshi 

(Ed.):     Transportation and Traffic Theory. Amsterdam: Elsevier. 

Kitamura, R., T. F. Golob, T. Yamamoto and G. Wu (1999) Accessibility and Auto Use in a Motorized 

Metropolis. UC Irvine: Center for Activity Systems Analysis.  

Li S., J. Linn and E. Muehlegger (2011) Gasoline Taxes and Consumer Behavior, Stanford University 

(http://economics.stanford.edu); at http://economics.stanford.edu/files/muehlegger3_15.pdf. 

Litman, T. (2013) Understanding Transport Demands and Elasticities: How Prices and Other Factors 

Affect Travel Behavior. Victoria Transport Policy Institute. pp. 1-76. 

Liu, Y., J. M. Tremblay and C. Cirillo (2014) An integrated model for discrete and continuous decisions 

with application to vehicle ownership, type and usage choices. Transportation Research Part 

A, 2014, 69, pp. 319-328. 

Mannering, F. and C. Winston (1985) A dynamic empirical-analysis of household vehicle ownership 

and utilization. Rand Journal of Economics, 16, 215-236. 

Potoglou, D. and P. S. Kanaroglou (2008) Modelling car ownership in urban areas: a case study of 

Hamilton, Canada. Journal of Transport Geography, 16, 42-54. 

Purvis, L. C. (1994) Using census public use micro data sample to estimate demographic and automobile 

ownership models. Transportation Research Record 1443, 21-30. 

Roorda, M. J., J. A. Carrasco and E. J. Miller (2009) An integrated model of vehicle transactions, 

activity scheduling and mode choice. Transportation Research Part B-Methodological, 43, 217-

229. 

Ryan, J. and G. Han (1999) Vehicle-Ownership Model Using Family Structure and Accessibility 

Application to Honolulu, Hawaii. Transportation Research Record: Journal of the 

Transportation Research Board, 1676, 1-10. 

Shay, E. and A. J. Khattak (2012) Household Travel Decision Chains: Residential Environment, 

Automobile Ownership, Trips and Mode Choice. International Journal of Sustainable 

Transportation, 6, 88-110. 

Srinivasan, S. and J. Walker (2009) Vehicle ownership and mode use: the challenge of sustainability. 

Transportation, 36, 367-370. 

http://economics.stanford.edu/files/muehlegger3_15.pdf


Cirillo, Liu and Tremblay 
 

22 
 

TRACE (1999) Elasticity Handbook: Elasticities for Prototypical Contexts, European Commission, 

Directorate-General for Transport, (www.cordis.lu/transport/src/tracerep.htm); at www.transport-

research.info/Upload/Documents/200310/trace.pdf. 

Train, K. (1986) Qualitative choice analysis: theory, econometrics, and an application to automobile 

demand. Cambridge, Mass.: MIT Press. 

Train, K., (2009) Discrete Choice Methods with Simulation. Cambridge University Press, New 

York, NY, USA.  

Whelan, G. (2007) Modelling car ownership in great Britain. Transportation Research Part a-Policy 

and Practice, 41, 205-219. 

 

 


